Abstract-We investigate the design of a miniaturized C-band photonic-crystal waveguide (PCW) interleaver, employing coupled-resonator optical waveguide (CROW) ring resonators. An optimization approach based on a genetic algorithm (GA) has been applied to the filter components, such as tapers and directional couplers, leading to low reflection and high phase linearity.
I. INTRODUCTION

I
N wavelength-division multiplexing (WDM) systems, wavelength selective filters are recognized as fundamental building blocks, while at the same time photonic crystal (PC) based waveguides represent a key technology in the effort to improve optical integrated circuits performance. Several works have considered filters for single-band operation, e.g., notch-rejection filters [1] , [2] and channel-drop filters [3] - [6] . Interleave filters are considered key components in these systems for their ability to multiplex and demultiplex sets of periodically spaced wavelengths with narrow separation. An interleaver has a periodical transfer function, originally designed to separate or combine even channels and odd channels across a dense WDM (DWDM) comb [7] . Required characteristics are a minimum insertion loss and rapid roll-off on the band edges. Moreover, a flat-top passband is considered an important requirement for several kinds of optical filters [8] , [9] .
Interleavers can be realized with optical delay-line circuits employing directional couplers and Mach-Zehnder interferometers (MZIs) [10] - [13] , while the filter architecture can be designed in either of two categories, the simplest one being a finite-impulse response (FIR) configuration based on delay lines and directional couplers [7] , to which feedback loops such as ring resonators can be added to obtain an infinite-impulse response (IIR) configuration [14] . The interest of this work is the design of a miniaturized interleaver with flat-top passbands, for integration in PC circuits. It is known that the flat-top spectral response depends on the filter order, and the IIR configuration has the advantage of attaining flat-top passband and rapid roll-off with a low number of resonators, so in this implementation, the interleaver is realized as a photonic-crystal waveguide (PCW) fifth-order IIR elliptic half-band filter [14] , employing two 3-dB couplers and a MZI whose arms are loaded by hexagonal ring resonators, as shown in Fig. 1(a) . The PC lattice is constructed with Si rods having pitch m and radius , embedded in a SiO substrate. In order to miniaturize photonic structures, designs employing coupled-resonator optical waveguides (CROWs) have been proposed, e.g., for reducing the MZI size, albeit with reduced flatness [15] . In this work, CROWs with low group velocity [16] are used to increase the effective length of the ring resonator structures and of the MZI arms, to reduce the overall size while preserving as much as possible the passband flatness of the device. As shown in Fig. 1(a) , the CROW is constructed by inserting Si rods of radius inside the PCW, creating a sequence of cavities. Auxiliary rods of radius are inserted inside the cavities to tune the CROW dispersion characteristics and improve matching when connecting to PCW sections, where they are present throughout. Fig. 1(b) shows the dispersion curves of the rod-loaded PCW, and the CROW when the radii and are used. The interleaver also includes phasing sections named , and , and each of them is designed by connecting two CROW subsections with the radii and modified to equalize the phase variations of the building blocks in the MZI long arm and in the rings, maintaining the correct phase relationships throughout C-band.
The complexity of the structure prevents a direct full-wave simulation, so it is divided in its primitive building blocks, which are then separately optimized. The transmittance of the whole structure is then derived from calculations of their transfer functions. The necessity to maintain a high transmittivity and a flat-top passband over the whole C-band requires accurate control of the dispersion characteristics of the building blocks, obtained through modification of a large number of rod radii. This requires the adoption of an optimization approach based on the introduction of a genetic algorithm (GA).
To achieve the correct functioning of the MZI on which the filter is based, as depicted in Fig. 1(a) , the coupling between ring and arm must be held at a constant level throughout C-band. Two kinds of couplers are used in the MZI: a 60/40 coupler (1.5:1 power ratio) for the long arm and a 97/03 coupler (33.5:1 ratio) for the short arm, whose coupling ratios are fixed by the filter parameters. The key to obtaining broadband coupling is the establishment of even and odd coupler supermodes with parallel dispersion curves throughout the band [17] ; however, a careful optimization of the Si rod diameters in the vicinity of the transition with the input/output PCW is required for also keeping a broadband power matching.
The transfer function of the interleaver structure can be worked out, based on the -matrices of the building blocks (PCW, CROW, matching tapers, bends, phasing sections, couplers). These are calculated from the complex amplitudes of the reflected and transmitted waves, obtained through 2-D finite-element method (FEM) simulations [18] . Symmetry conditions of the single devices can be exploited to reduce the number of matrix terms to be calculated.
The device structure models used in the simulations are depicted in Fig. 2 . The taper structure shown in Fig. 2(a) is employed to reduce reflection at the transition between PCW and CROW sections, and the dotted circles in the figure emphasize the 10 Si rods whose radii are optimized by the GA. In the case of the CROW bend structure shown in Fig. 2(b) , six rods surrounding the bend are optimized, having four different radii for symmetry reasons. The model for the coupler structure in Fig. 2(c) is more complex, owing to the necessity to optimize 40 rods with 10 different radii near the coupling interfaces with the PCW, in the case of the 97/03 coupler. For the 3-dB and 60/40 couplers, seven rod radii are optimized, setting and . The rods in the coupling region have radius , while the distance between the rows is . The coupling length is equal to for the 3-dB coupler, for the 60/40 one, and for the 97/03 one. In the discussion, port 1 of the couplers is designated as the input port.
The full transmittivity and reflectivity of the interleaver are calculated through a recursive approach, based on the -matrices of the 3-dB coupler and of the MZI arms. The optical signals are propagated alternatively in the forward and backward directions, updating the complex amplitudes of the incident and reflected waves at the device ports, until convergence is obtained. Plots are given of transmittivity of the two output ports and reflectivity back to the two input ports, in the hypothesis of absence of waveguide losses and for a first-order estimate of them.
II. GENETIC ALGORITHM
The GA is an optimization method whose specifications stem from the rules of natural selection, which is the process that drives biological evolution [19] . The method works by establishing a population of individual solutions, whose "genes" represent the problem parameters, and repeatedly modifying it in successive generations. At each step, the algorithm selects individuals from the current population to be parents and uses them to produce the children for the next generation. The parents are chosen through a random process weighted by the evaluation of their "fitness" as solution candidates, which is called selection. This is done on the basis of the value of a function called "fitness function" or "objective function," which is computed for every individual in the population. Over successive generations, the population "evolves" toward an optimal solution.
The GA can be applied to solve a variety of optimization problems that are not well suited for standard optimization algorithms, such as problems which can be expressed as the minimization of a certain function, when the function has many local minima which make it difficult for standard, gradient-based methods to find the global minimum. Also, it is very useful for optimizing functions depending on a large number of mutually interacting parameters, which precludes effective manual optimization. The method can also work to obtain solutions bounded by constraints of physical or mathematical nature.
The algorithm begins by creating a random initial population, then steps through a sequence of new generations created from the individuals in the current generation, by cycling through the following.
1) Each member of the current population is evaluated by computing its fitness value. 2) The raw fitness scores are scaled to convert them into a more usable range of values. 3) Parents are selected, based on their fitness. 4) Some of the individuals having the best fitness are chosen as elite individuals and directly passed to the next population. 5) Children are produced from the parents, either by making random changes to a single parent (mutation) or by combining the gene entries of a pair of parents (crossover). 6) The current population is replaced with the children to form the next generation. The algorithm keeps cycling until it meets the stopping criteria, defined by the user and devised to end the optimization process when the result is deemed satisfactory. The "chromosome" defining the individuals is implemented as a vector, whose gene entries represent the radii of the Si rods to be optimized.
After scoring, the two best individuals are selected as elite individuals and automatically passed on to the next generation. Of the remaining children, a fraction is created by crossover and the remaining by mutation, with the crossover fraction initially set to 0.8 and subsequently optimized. The selection process is weighted by fitness, so that the best fit individuals are more likely to be selected as parents. To create crossover children, at each coordinate of the child vector, a gene is randomly selected at the same coordinate from one of the two parents. Mutation children are created by randomly changing the genes of individual parents: the algorithm adds a random vector from a Gaussian distribution to the parent vector.
The two-port taper and bend devices should be optimized for two objectives: high transmittivity and passband flatness. In the present implementation, the algorithm works by minimizing the fitness function, which has been chosen to fulfil both objectives, assigning the best score to the individual best approximating flat unity transmittivity. It computes the deviation from unity of the individual's transmittivity curve over C-band, by sampling the curve at 18 wavelengths between 1530 nm and 1565 nm, calculating the absolute distance from unity for each wavelength and summing the squares of the distances. The transmittivity curve is sampled by running several single-wavelength finite-element frequency-domain (FEFD) simulations. The FEM mesh is automatically generated from the chromosome data. The fitness function is defined as
Fitness
( 1) where is the value of the transmittivity sampled at wavelength with . This choice has the effect of amplifying differences at single wavelengths, so that single wavelengths or groups of wavelengths with high difference from unity will have a greater impact on fitness. This results in a higher fitness penalty for individuals that exhibit poor transmittivity flatness.
The GA optimization of the couplers is a multi-objective problem, as the transmittivity of the through port (port 2 in Fig. 2 ) and of the coupled port (port 4) must be optimized concurrently for a flat response equal to the respective coupling coefficient. Accordingly, power coupled to the isolated port (port 3) should be negligible. The fitness function used computes the deviation from coupling coefficient of the respective port transmittivity curve over C-band, as
Fitness (2) where is the coupling ratio and the coefficient amplifies the coupled port fitness, more difficult to optimize for high coupling ratios. Satisfactory performance was obtained for in the 60/40 coupler case, and for in the 97/03 coupler one.
In optimizing the phasing sections in the long arm of the MZI and in the ring resonators, a strategy has been devised for applying the GA optimization method. These sections are designed by varying the large-rod and small-rod radii in the CROW, so as to synthesize a dispersion curve with a value and slope of phase constant suitable for providing a constant phase shift and delay according to specifications. Moreover, given the large phase characteristics variation with wavelength in the CROW, the curve must be designed to equalize shift and delay on the whole C-band, requiring the use of a two-stage phasing network.
In the long MZI arm, made of CROW with phase constant , the path difference must be , where is the CROW group velocity and is the DWDM comb channel spacing, with respect to the lower arm made of PCW with phase constant , keeping a constant phase shift . The phase delay of the long arm is thus written as (3) where and refer to the first phasing subsection, and and refer to the second one, while is the CROW length.
is the phase shift introduced by the long-arm coupler on the propagation path from port 1 to port 2, while is the combined phase shift introduced by the tapers to the CROW and phasing sections. The phase delay of the short arm is written as (4) where is the PCW length and is the phase shift introduced by the short-arm coupler on the propagation path from port 1 to port 2.
In this case, the fitness function is written as Fitness (5) which is minimized when the path difference condition is fulfilled, being the respective phase sampled at wavelength with . The phasing section in each ring must provide a constant path difference , while keeping a constant phase shift . In this case the phase delay of the long-arm and short-arm ring is expressed as (6) where and refer to the first phasing subsection, and refer to the second one, while is the CROW length.
is the phase shift introduced by the respective ring coupler, while is the combined phase shift introduced by the connecting devices between the elements that make up the ring.
In this case, the fitness function is Fitness (7) which is also minimized when the path difference condition is fulfilled, being the respective ring phase sampled at wavelength with . The phasing sections are evaluated for phase flatness over the band by the GA, using a chromosome with six genes, corresponding to the values of , , and of each of the two CROW subsections forming each phasing section. The length of the remaining spans of waveguide (CROW for the rings and upper arm of the MZI, PCW for the lower arm) is computed so that the phase equalization will be optimal near the center of the band.
III. TRANSFER FUNCTION
The present implementation is aimed for a flat-top passband in C-band with minimum insertion loss and rapid roll-off at the band edges, building a PCW structure which realizes a fifth-order IIR elliptic half-band filter [14] . The design choice is due to the elliptic filter having the fastest roll-off at the band edges, important for narrowly-spaced combs. Moreover, the interleaver periodical transfer function has equally wide passbands and stop-bands, implicitly respecting the half-band power law, which enables the use of a half-band filter, featuring the same performance at reduced complexity.
The transmittance of the filter can be derived in closed form as [20] (8) (9) where the and represent the coupling coefficients of the directional couplers ( and are related to the 3-dB couplers, to the 60/40 one and to the 97/03 one), while the are the phase shifts introduced by the phasing sections and is the phase constant of the employed waveguide.
This approximation is only valid in the hypothesis of ideal waveguides and couplers, and absence of reflection, so a more accurate method is envisioned that would use the complex amplitudes of reflection and transmission returned by the FEM solver in order to build the -matrices related to the building blocks. The optical circuit structure would then give the network topology employed to set up a system of matrix equations. To simplify the calculations, an analytical solution is worked out for the -parameters of the feed-back loops formed by the two ring-coupler structures.
The ring-coupler is divided in two components, being the directional coupler and the ring. The incident wave on coupler port [according to Fig. 2(c) ] is named , and the reflected one , while the incident and reflected waves on the ring ends are named and , respectively. Based on this definition and on the symmetries of the structures, the -matrices are constructed, named for the coupler and for the ring. is a 4 4 matrix and a 2 2 one, while the connection between the two devices also sets a number of boundary conditions, namely , , , and . The problem under scrutiny involves exploiting the boundary conditions so as to write and as a function of and , thus reducing the combined structure to a two-port device. To achieve this, firstly the boundary conditions are plugged into the equations obtained from matrix , writing (10) which are in turn plugged into the equations for and obtained from the last two rows of the matrix. These are then plugged back into (10) , where, for the sake of this discussion, five coefficients are defined and named , , , and , as follows:
(11) Fig. 3 . Transmittivity and reflectivity curves on C-band for GA-optimized 10-periods PCW to CROW taper (optimal structure in inset). The black box highlights the region containing the optimized rods. Fig. 4 . Transmittivity and reflectivity curves on C-band for GA-optimized CROW bend (optimal structure in inset). The black boxes highlight the optimized rods. (12) so that the result can be written as (13) Finally, (13) are plugged into the equations for and obtained from the first two rows of the matrix. The final equations describing the ring-coupler device are thus obtained as follows: (14) Once the building blocks are optimized and their -matrices are known, it is possible to calculate the full transfer function through matrix algebra by combining the matrix of the 50/50 coupler with the matrix of the MZI. They can both be simplified by exploiting device symmetries and by noticing that there is no cross-coupling between MZI ports at opposite corners. The approach presented in [21] is considered and extended by employing complex -coefficients derived from the amplitude-phase results of the full-wave FEM simulations.
The device thus is characterized by four interfaces, being the input interface, the one between first coupler and MZI, the one between MZI and second coupler, and the output interface. The transmittivity and reflectivity are obtained through a recursive calculation which proceeds by successively updating the forward propagating waves up to the output interface. Then it successively updates the backwards propagating waves up to the input interface, cycling until the solutions at the input and output interfaces converge to stable values.
IV. NUMERICAL RESULTS
First, the GA optimization has been applied to a taper structure, necessary to couple the CROW which composes the ring resonators and the upper arm of the MZI to the PCW which composes the remainder of the device. To reduce mismatch, small-diameter Si rods ( in Fig. 1 ) are located in the PCW and inside the CROW cavities. The proposed taper has a length of ten CROW periods, and the simulation domain comprises two such tapers placed back-to-back, one of which is shown in the inset of Fig. 3 .
The chromosome describing the individual is a vector with ten entries corresponding to the progressively varying radii of the Si taper rods. As initial condition, the genetic algorithm is fed with radii values which vary linearly from to the CROW rod radius ( in Fig. 1) . xNext, the GA has been applied to a 60 CROW bend, which is necessary to build the ring resonator. For coupling purposes, the simulated structure implements a bend connected to the PCW by two tapers corresponding to the optimum individual found in the previous step. The optimized bend is shown in the inset of Fig. 4 . The optimization is applied to the six rods surrounding the bend, whose radii for symmetry reasons can be described with a 4-entry chromosome. As initial condition, the radii are set equal to the rods in the surrounding photonic crystal.
In all cases, the algorithm has been run for 50 generations, producing transmission spectra of 97% or higher over the whole C-band, as shown in Figs. 3 and 4 . Even more remarkable is the flatness obtained, which has a very good 1.5% value on the band. In the optimum structure obtained for the taper, the radii are equal to , , ,
, respectively. In the optimum bend case, the radii are equal to , , , and , respectively. The obtained result for the 60/40 coupler is shown in Fig. 5 . The optimization is applied to the seven rods surrounding the PCW transition, and the algorithm is run for 50 generations on a population of 21 individuals, obtaining a mean coupling ratio of 1.51:1 on the whole band, with a 8% overall flatness and very good decoupling of the isolated port, as shown in Fig. 5(a) . The phase response has been computed and shown in Fig. 5(b) , where from the comparison with the linear curve fit, it can be noticed that the transfer function for the through and coupled ports has very high linearity.
In the case of the 97/03 coupler, the GA is run for 50 generations on a 10-rod chromosome structure, producing the individual whose transmittivity curves are shown in Fig. 6(a) . The mean coupling ratio is 28.72:1, with an overall 33% flatness. The change in ratio over the band is mostly due to reflection and partial coupling to the isolated port, however the phase response for the through and coupled ports shown in Fig. 6(b) is highly linear, making it easier to optimize the phasing sections.
The optimum structure obtained for the 97/03 coupler has radii equal to , , ,
, respectively. For the optimum 60/40 coupler the radii are equal to , , ,
respectively. In the case of the optimum 3-dB coupler they are equal to , ,
, respectively. In the case of the MZI phasing section, the maximum phase error shown in Fig. 7 is within 0.17 rad of the optimal value. In The calculated transmittivity and reflectivity curves are shown in Figs. 9 and 10. Figs. 9(a) and 10(a) show the curves for the upper side of the structure in Fig. 1 , having the input port reflectivity and output port 1 transmittivity, while the curves in Figs. 9(b) and 10(b) are for the lower side, showing the reflectivity leakage out of the unused input port and the transmittivity of output port 2. In Fig. 9 the results are calculated taking into account only the coupler losses, and it can be seen that the upper output passband transmittivity varies between 85% and 93%, with a residual stop-band transmittivity no higher than 8%. The reflectivity on the input port is of 10% or lower. For the lower output port, passband transmittivity is between 85% and 93%, with a residual no higher than 4%. The reflectivity leakage on the unused port is of 20% or lower.
The results in Fig. 10 are calculated estimating the 3-D confinement losses of the waveguides on C-band. Preliminary 3-D FEM simulations have shown that a membrane-type air-clad fabrication technique would give ideal-case losses negligible with respect to the building blocks. Available experimental results examine silicon-slab waveguides, so we reviewed similar air-clad waveguides with low losses on C-band. State-of-the-art techniques for membrane-type waveguides give a measured loss as low as 0.6 dB/mm [22] . This is numerically fitted in [23] showing a low-loss bandwidth wide enough to cover C-band. It also shows that improvements in the fabrication process can reduce the loss to 0.2 dB/mm or lower, in the range of our simulations; however, we considered the result in [22] to be reasonable for a current fabrication process. In Fig. 10 it can be seen that the output passband transmittivity is lowered to values between 71% and 78%. The residual stop-band transmittivity is no higher than 6% on the lower side, and almost unaffected on the upper side. Reflectivity on input port and reflectivity leakage on unused port are lowered by 2% to 4%. 
V. SENSITIVITY ANALYSIS
A sensitivity analysis has been performed on the model, to evaluate the impact of parameter tolerances in the MZI and ring phasing sections, by introducing a phase error, and in the couplers, by introducing a symmetrical error in the coupling ratios of the through and coupled ports. The errors are evaluated by executing many simulation runs, each with a different random error respecting the maximum value, and taking the limit transmittivity values.
A maximum error of on the MZI upper arm phase results in a penalty between 2% and 6% on the transmittivity values both in passband and stop-band, as shown in Fig. 11(a) . A similar effect is observed for the lower arm, as the fundamental parameter in this case is the phase difference between the arms. In Fig. 11(b) , the penalty is shown when a maximum error of is introduced on the lower ring resonator phase, with similar penalty values as the previous case. It can be noticed that in this case, in the central part of the band the effect is less detrimental, especially on the stop-band where the penalty is reduced by about 2%.
An interesting effect is shown by applying the phase variation to the upper ring, which has little effect on the passband and stop-band values as shown in Fig. 12(a) , but causes a consistent shift of the entire spectrum by 0.05 nm on average for a phase variation of , which can be used for a fine tuning of the channel grid, as shown in Fig. 12(b) . A greater effect is shown by considering the errors on the coupling ratios in Fig. 13 , where the coupling ratios of the 60/40 coupler and of the 97/03 coupler are varied by a 1% maximum error: for the 60/40 coupler in Fig. 13(a) , it produces a maximum change of 5% in the passband and 4% in the stop-band, with a more consistent effect on the stop-band. The effect is much greater for the 97/03 coupler in Fig. 13(b) , producing wide variations by as much as to in the passband, while the stop-band effect is negligible.
VI. CONCLUSION
A C-band PCW interleaver using CROW ring resonators is designed exploiting a GA optimization approach. The filter components are optimized for reduced reflection and high phase linearity, obtaining transmission spectra of 97% or higher over the whole C-band for PCW-to-CROW tapers and CROW bends. An -matrix approach is applied to compute the transmittivity and reflectivity of the interleaver, achieving best-case transmission between 85% and 93% in the passband and lower than 8% in the stopband. A sensitivity analysis has been performed to evaluate the effect of phase errors and coupling ratio errors, revealing the critical role of the short-arm coupler and showing a greater sensitivity to coupling errors, varying the passband transmission by as much as 17%.
